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A simplified representation of the reality.

Refers to calculate the dynamic motion 
of ground vehicles for engineering tasks.

Good and accurate enough for the 
application purpose?

Simulation, model based testing and 
model based control methods.

What is a model?

What is a vehicle dynamics 
model?

Where do we need vehicle 
dynamics models?

When is a vehicle dynamics 
model valid?
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Classification an positioning of vehicle dynamics models

Complexity
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Handling

Stress Fatigue
NVH

Ride & Comfort

Reduced MBS 3D‐Model
generic with empirical parts

Suspension
3D Maps

Controls

Detailed Multi‐Body (MBS) 3D‐Model

Two Track 2D‐Model
Single Track Model

>100 DOF

> 15 DOF

3 DOF

14 DOF
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Basic chassis dimensions

Wheel Base

CoG height (Center of Gravity)
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Calculation of CoG – Center of Gravity 

Wheel Base

CoG height (Center of Gravity)

lRA lFA
sh

෍ 𝐹௭ ൌ 0

𝑚 ∗ 𝑔0 𝑚ி஺ ∗ g  Vehicle weight (with driver) = 1.970 kg 
 mFA (front axle) = 1100 kg
 mRA (rear axle) = 870 kg
 Wheel base = 2.807 mm, 
 Center of gravity = 0,65 m 𝑚 ∗ 𝑔 ∗ 𝑙ோ஺ ൌ  𝑚ி஺ ∗ g ∗  𝑙 𝑙ி஺ ൌ  𝑙 െ  𝑙ோ஺

X

Z
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Calculation of CoG – Center of Gravity 

𝒍𝑹𝑨 ൌ  ௠ಷಲ∗ ௟
௠

=  ଵଵ଴଴ ௞௚ ∗ ଶ,଼଴଻ ௠
ଵଽ଻଴ ௞௚

ൌ 1,567 m

𝑚 ∗ 𝑔 ∗ 𝑙ோ஺ ൌ  𝑚ி஺ ∗ g ∗  𝑙

𝑙ி஺ ൌ  𝑙 െ  𝑙ோ஺

𝒍𝑭𝑨 ൌ 𝑙 െ 𝑙ோ஺ ൌ 2,807𝑚 െ 1,567𝑚 ൌ 1,24 𝒎
 Vehicle weight (with driver) = 1.970 kg 
 mFA (front axle) = 1100 kg
 mRA (rear axle) = 870 kg
 Wheel base = 2.807 mm, 
 Center of gravity = 0,65 m 
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Calculation of CoG – Center of Gravity 

ℎ ൌ 𝑙 ∗
𝐹ி஺ െ 𝐹

𝐹 ∗ 𝑡𝑎𝑛𝛼 ℎ ൌ 𝑙 ∗
𝐹ு஺ െ 𝐹

𝐹 ∗ 𝑡𝑎𝑛𝛼
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Calculation of CoG – Center of Gravity 

[2] [3]
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Simplification of the vehicle model: “Single Track Model” Theory ‐ 3 DOF
Approach
• Wheels are lumped into single track
 Tire side slip & axle stiffness are combined per axle

• Rigid body with CoG in‐plane (on‐track)
• Only horizontal movement 
 No roll, pitch & vertical motion

• Steering angle only at the front axle

𝑚, 𝐽

X

Y

Z

+

+

+

3 Degrees of Freedom (DOF)
• Longitudinal
• Lateral
• Yaw (rotation around Z)
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Simplification of the vehicle model: “Single Track Model” Theory ‐ 3 DOF
Approach
• Wheels are lumped into single track
 Tire side slip & axle stiffness are combined per axle

• Equations of  motion based on:
• Geometrical equation 
• Equilibrium of forces & moments
• Transversal system stiffness (Tire / Axle)

𝑚, 𝐽

X

Y

Z

+

+

+

3 Degrees of Freedom (DOF)
• Longitudinal
• Lateral
• Yaw (rotation around Z)
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Notations

m vehicle mass
𝐹௫, 𝐹௬ Forces
𝐹௫௪

, 𝐹௬௪
Wheel forces

𝑣 vehicle speed
𝑣௫, 𝑣௬ velocity longitudinal / lateral
𝑎௫, 𝑎௬ acceleration longitudinal / lateral
𝑣ி஺, 𝑣ோ஺ velocity front / rear axle
𝑙 wheel base
𝑙ி஺, 𝑙ோ஺ length front / rear axle to center of gravity
𝛼ி஺, 𝛼ோ஺ Side slip angle front / rear axle
𝑐ி஺, 𝑐ோ஺ side slip stiffness front / rear axle
𝛽 drift angle
𝛽ሶ drift angle speed

𝛿 steering angle (at wheel)
𝛿ு steering wheel angel (SWA)
𝑖௦ steering ratio
𝜓 yaw angle
𝜓 ሶ yaw angle speed
R, r course radius
FA, RA Index front axle, rear axle
𝑠𝑡𝑎𝑡 index for stationary
CoG center of gravity
EG understeer gradient (Eigenlenkgradient) 
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𝐹௫,ோ஺

𝛿
𝛼ோ஺

𝑣 ோ஺

𝑙ோ஺ 𝑙ி஺

𝛽 ൌ arctan
𝑣௬

𝑣௫

𝑣௫

𝑣௬

𝜓 ሶ

𝑣 𝛽

𝛼ி஺

𝑣 ி஺

𝐹௫,ி஺

X

Y

Z

+

+

+

𝑙ி஺ ∗ 𝜓ሶ

𝑙ி஺ ∗ 𝜓ሶ

𝐹௬,ோ஺ 𝐹௬,ி஺

𝐹௬ ൌ 𝑚 ∗ 𝑎௬ ൌ 𝑚 ∗ 𝑣 ∗ ሺ𝜓ሶ െ 𝛽ሶሻ

Longitudinal Motion 𝐹௫ ൌ 𝐹௫,ி஺ ൅ 𝐹௫,ோ஺ ൌ 𝑚 ∗  𝑎௫

(2)
෍ 𝐹௫ ൌ 0

𝐹௬ ൌ 𝐹௬,ி஺ ൅ 𝐹௬,ோ஺ ൌ 𝑚 ∗  𝑎௬ ൌ 𝑚 ∗ 𝑣 ∗ ሺ𝜓ሶ െ 𝛽ሶሻLateral Motion
(1)

෍ 𝐹௬ ൌ 0

Rotation Z‐Axle 
(3)

𝜃 ∗ 𝜓ሷ ൌ 𝐹௬,ி஺ ∗ 𝑙ி஺ െ 𝐹௬,ோ஺ ∗ 𝑙ோ஺
෍ 𝑀௭ ൌ 0
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Lateral Motion

Longitudinal Motion

Rotation Z‐Axle 

Basic vehicle dynamics calculation and vehicle models 

𝐹௫,ோ஺

𝛿
𝛼ோ஺

𝑣 ோ஺

𝑙ோ஺ 𝑙ி஺

𝛽 ൌ arctan
𝑣௬

𝑣௫

𝑣௫

𝑣௬

𝜓 ሶ

𝑣 𝛽

𝛼ி஺

𝑣 ி஺

𝐹௫,ி஺

X

Y

Z

+

+

+

𝑙ி஺ ∗ 𝜓ሶ

𝑙ி஺ ∗ 𝜓ሶ

𝐹௬,ோ஺ 𝐹௬,ி஺

𝐹௬ ൌ 𝑚 ∗ 𝑎௬ ൌ 𝑚 ∗ 𝑣 ∗ ሺ𝜓ሶ െ 𝛽ሶሻ

𝐹௫ ൌ 𝐹௫,ி஺ ൅ 𝐹௫,ோ஺ ൌ 𝑚 ∗  𝑎௫

(2)
෍ 𝐹௫ ൌ 0

𝐹௬ ൌ 𝐹௬,ி஺ ൅ 𝐹௬,ோ஺ ൌ 𝑚 ∗  𝑎௬ ൌ 𝑚 ∗ 𝑣 ∗ ሺ𝜓ሶ െ 𝛽ሶሻ
(1)

෍ 𝐹௬ ൌ 0

(3)
𝜃 ∗ 𝜓ሷ ൌ 𝐹௬,ி஺ ∗ 𝑙ி஺ െ 𝐹௬,ோ஺ ∗ 𝑙ோ஺

෍ 𝑀௭ ൌ 0
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𝐹௬ ൌ 𝐹௬,ி஺ ൅ 𝐹௬,ோ஺ ൌ 𝑚 ∗  𝑎௬ ൌ 𝑚 ∗ 𝑣 ∗ ሺ𝜓ሶ െ 𝛽ሶሻ

Lateral Motion(1)

𝐹௬,ி஺ ൌ 𝑐ி஺ ∗ 𝛼ி஺

(4)

𝛼ி஺ ൌ 𝛿 ൅ 𝛽 െ
𝑙ி஺ ∗ 𝜓ሶ

𝑣  
(5)

𝐹௬,ோ஺ ൌ 𝑐ோ஺ ∗ 𝛼ோ஺

(4)

𝛼ோ஺ ൌ 𝛽 ൅
𝑙ோ஺ ∗ 𝜓ሶ

𝑣  
(5)

Tire Side Slip 
Characteristics

Fy [N]

𝛼 [°]

𝐶஺௫௟௘

Valid up to ~ 4 m/s²

Li
ne

ar
 

Ar
ea

No Side Force Limit

𝐹௬௪ 
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X

Y

Z

+

+

+𝜶𝑹𝑨

𝑣 ோ஺

𝑣 

𝒍𝑹𝑨 ∗ 𝝍ሶ

𝑣௫

𝑣௬

𝜓 ሶ

𝑣 

𝜷

𝛼ி஺
𝑣 ி஺

െ𝒍𝑽𝑨 ∗ 𝝍ሶ

𝛼ி஺ ൌ 𝛿 ൅ 𝛽 െ
𝑙ி஺ ∗ 𝜓ሶ

𝑣  𝛼ோ஺ ൌ 𝛽 ൅
𝑙ோ஺ ∗ 𝜓ሶ

𝑣  

𝜺𝑹𝑨

Small angle approximation

𝜖ோ஺ ൌ arctan
𝑙ோ஺ ∗ 𝜓ሶ

𝑣  ~ 
𝑙ோ஺ ∗ 𝜓ሶ

𝑣    𝜖ி஺ ൌ െarctan
𝑙ி஺ ∗ 𝜓ሶ

𝑣  ~  െ
𝑙ி஺ ∗ 𝜓ሶ

𝑣   

(5) (5)
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𝑐ி஺ ∗ 𝛼ி஺ ൌ 𝑚 ∗ 𝑎௬ ∗
𝑙ோ஺

𝑙 𝑐ோ஺ ∗ 𝛼ோ஺ ൌ 𝑚 ∗ 𝑎௬ ∗
𝑙ி஺

𝑙(9) (10)

with 5 with 5

𝑐ி஺ ሺ𝛿 ൅ 𝛽 െ
𝑙ி஺ ∗ 𝜓ሶ

𝑣 ሻ ൌ 𝑚 ∗ 𝑎௬ ∗
𝑙ோ஺

𝑙

𝑐ோ஺ ∗ ሺ𝛽 ൅
𝑙ோ஺ ∗ 𝜓ሶ

𝑣 ሻ ൌ 𝑚 ∗ 𝑎௬ ∗
𝑙ி஺

𝑙

(11)

(12)

β ൌ  ௠
௟
*𝑎௬ ∗ ௟ೃಲ

௖ಷಲ 
൅ ௟ಷಲ∗టሶ

௩
െ 𝛿 β ൌ  ௠

௟
*𝑎௬ ∗ ௟ಷಲ

௖ೃಲ 
െ ௟ೃಲ∗టሶ

௩
(14)(13)

𝛿 ൌ ௠
௟

∗𝑎௬ ∗ ௟ೃಲ
௖ಷಲ 

 െ ௠
௟
*𝑎௬ ∗ ௟ೇಲ

௖ೃಲ 
൅ ௟ಷಲ∗టሶ

௩
൅ ௟ೃಲ∗టሶ

௩

(15) equalize
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𝛿 ൌ ௠
௟

∗𝑎௬ ∗ ௟ೃಲ
௖ಷಲ 

 െ ௠
௟
*𝑎௬ ∗ ௟ೇಲ

௖ೃಲ 
൅ ௟ಷಲ∗టሶ

௩
൅ ௟ೃಲ∗టሶ

௩

𝛿 ൌ ௠
௟

∗𝑎௬ ∗ ௟ೃಲ
௖ಷಲ 

 െ ௟ೇಲ
௖ೃಲ 

൅ టሶ

௩
∗ ሺ𝑙ி஺ ൅ 𝑙ோ஺)

1
𝑟

𝑙

𝛿  ൌ        ௟
௥

     ൅          ௠
௟

∗𝑎௬ ∗ ௟ೃಲ
௖ಷಲ 

 െ ௟ಷಲ
௖ೃಲ 

(16)

(17)
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Steady‐state cornering

௟
௥

௠
௟ ௬

௟ೃಲ
௖ಷಲ 

௟ಷಲ
௖ೃಲ 

Ackermann Self‐Steering Behavior

௟
௥

𝛼ி஺ െ 𝛼ோ஺ሻ

(18)

(19)
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Understeer and oversteer definition

Ackermann

𝜶𝑭𝑨 െ 𝜶𝑹𝑨 > 0

𝜶𝑭𝑨 െ 𝜶𝑹𝑨 < 0

𝜶𝑭𝑨 െ 𝜶𝑹𝑨 = 0

Self‐Steering Behavior

Ackermann Self‐Steering Behavior

𝛿  ൌ        
𝑙
𝑟      ൅                ∆ 𝛼       ሺ∆ 𝛼 ൌ  𝛼ி஺ െ 𝛼ோ஺ሻ
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H = Hand at Steering Wheel 

Basic vehicle dynamics calculation and vehicle models 

Definition of Eigenlenkgradient (Understeer Gradient)

Calculation of Eigenlenkgradient

𝐸𝐺 ൌ  
1
𝑖௦

∗
𝑑𝛿ு
𝑑𝑎௬

െ
𝑑𝛿஺
𝑑𝑎௬

(20)

Calculation of the EG = Eigenlenkgradient
(engl. understeer gradient)
𝒅𝜹𝑯: Steering wheel angle
𝒅𝜹𝐀: Ackermann angle

ൌ 0 if 𝑅 ൌ 𝑐𝑜𝑛𝑠𝑡 since 𝑑𝛿஺ ≈  ௟
ோ

Calculation of specific Eigenlenkgradient

𝐸𝐺ு ൌ  
𝑑𝛿ு
𝑑𝑎௬

െ
𝑑𝛿஺
𝑑𝑎௬

(21)
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Definition of Eigenlenkgradient (Understeer Gradient)

Calculation of Eigenlenkgradient

𝐸𝐺 ൌ  
1
𝑖௦

∗
𝑑𝛿ு
𝑑𝑎௬

െ
𝑑𝛿஺
𝑑𝑎௬

(20)

Calculation of the EG = Eigenlenkgradient
(engl. understeer gradient)
𝒅𝜹𝑯: Steering wheel angle
𝒅𝜹𝐀: Ackermann angle

ൌ 0 if 𝑅 ൌ 𝑐𝑜𝑛𝑠𝑡 since 𝑑𝛿஺ ≈  ௟
ோ

Calculation of specific Eigenlenkgradient

𝐸𝐺ு ൌ  
𝑑𝛿ு
𝑑𝑎௬

െ
𝑑𝛿஺
𝑑𝑎௬

(21)

H = Hand at Steering Wheel 

𝐸𝐺 ൌ 0: Neutral 
𝐸𝐺 ൏ 0: Oversteer
𝐸𝐺 ൐ 0: Understeer
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𝜓ሶ
𝛿ு ௩೎ೝ೔೟

ൌ  
1
2 ∗

𝜓ሶ
𝛿ு ாீୀ଴

Basic vehicle dynamics calculation and vehicle models 

Characteristic Velocity and Critical Velocity

Calculation of Characteristic Velocity

  
𝜓ሶ
𝛿ு ௩೎೓ೌೝ

ൌ  
1
2 ∗

𝜓ሶ
𝛿ு ாீୀ଴

(22)

Calculation of Critical Velocity
(23)

if  టሶ

ఋಹ
< టሶ

ఋಹ ாீୀ଴
and  𝑅 ൌ 𝑐𝑜𝑛𝑠𝑡

i.e. if vehicle shows steady‐state oversteer

if  టሶ

ఋಹ
>  టሶ

ఋಹ ாீୀ଴
and  𝑅 ൌ 𝑐𝑜𝑛𝑠𝑡

i.e. if vehicle shows steady‐state understeer
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Practice Session: 15 min
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Practice Session: 15 min
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Model behavior in steady‐state cornering

Ay max
Performance

Understeer Gradient ‐ EG0,4g
Agility

Ackermann SWA
Comfort

EG75%

(20)

EG95%
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Use‐Cases for a Single‐track model – Model‐based motion planning

Problem: 
Computational 
power/cost limits 
model complexity
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Use‐Cases for a Single‐track model – Model‐based control
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Use‐Cases for a Single‐track model – Model‐based control
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Use‐Cases for a Single‐track model – Model‐based control

Inputs: (only) 𝑣 and 𝛿
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Use‐Cases for a Single‐track model – Model‐based control

Outputs: Linear vehicle state
 Desired vehicle response
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Model‐based control – CarMaker example
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Use‐Cases for a Single‐track model – Vehicle state estimation

Problem: 
Real vehicles don’t 
provide ideal in‐/outputs
model‐based estimate



Kempten University of Applied Sciences214 / 09.06.20

Bild durch Klicken auf Symbol hinzufügenBasic vehicle dynamics calculation and vehicle models 

Use‐Cases for a Single‐track model – Vehicle state estimation

Estimation of non‐measurable quantities
• Longitudinal velocity under slip
• Lateral velocity 
• Tire forces
• Available friction coefficient (tire potential)
• Road bank angle
• …

Prediction of vehicle state
• Motion planning
• Advanced control
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What can we improve? – Extensions of the Single‐Track model

Two‐track model (6 DOF)
• Consider roll, heave and pitch motion
 CoG height is now relevant
 Four wheels with dynamic wheel load transfer

Non‐linear tire modeling
• Saturation through long./lat. force limits (tire potential)

• Steering angle on both axles
• Slip‐angle contribution of resulting axle stiffness
• Transient vertical dynamics
• Combined slip modeling
• …

 How complex is too complicated?
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Comparison Single Track Model with 3D‐MBS Model in circular driving

Single Track Model
(linear)

Reduced MBS 3D‐Model
with empirical parts
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Validity of a single‐track model: CarMaker exercise


