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Periodizität

𝑁 = 𝑝 ⋅ 𝑞

𝑆𝑒𝑖 𝑁 𝑑𝑎𝑠 𝑃𝑟𝑜𝑑𝑢𝑑𝑘𝑡 𝑑𝑒𝑟 𝑧𝑤𝑒𝑖 𝑃𝑟𝑖𝑚𝑧𝑎ℎ𝑙𝑒𝑛 𝒑 𝑢𝑛𝑑 𝒒



Periodizität

  𝑃𝑒𝑟𝑖𝑜𝑑𝑖𝑧𝑖𝑡ä𝑡 𝑝:                𝑓 𝑥 =  𝑓 𝑥 + 𝑝 ∀ 𝑥 ∈ 𝔻௙

𝑓 𝑥 =  𝑎௫ 𝑚𝑜𝑑 N

 𝑟 𝑖𝑠𝑡 𝑑𝑖𝑒 𝑂𝑟𝑑𝑛𝑢𝑛𝑔 𝑣𝑜𝑛 𝑎 𝑚𝑜𝑑𝑢𝑙𝑜 𝑁 𝑤𝑒𝑛𝑛:         𝑎௥ 𝑚𝑜𝑑 𝑁 = 1                           𝑝 = 𝑟 𝑔𝑔𝑇 𝑎, 𝑁 = 1

𝑁 = 𝑝 ⋅ 𝑞

𝑆𝑒𝑖 𝑁 𝑑𝑎𝑠 𝑃𝑟𝑜𝑑𝑢𝑑𝑘𝑡 𝑑𝑒𝑟 𝑧𝑤𝑒𝑖 𝑃𝑟𝑖𝑚𝑧𝑎ℎ𝑙𝑒𝑛 𝒑 𝑢𝑛𝑑 𝒒



Periodizität

𝑓 𝑥 =  𝑎௫ 𝑚𝑜𝑑 𝑁    

𝑔𝑔𝑇 𝑎௥ ଶ⁄ − 1 , 𝑁 = 𝑝

𝑔𝑔𝑇 𝑎௥ ଶ⁄ + 1 , 𝑁 = 𝑞 

𝑁 = 𝑝 𝑞

𝑟 𝑃𝑒𝑟𝑖𝑜𝑑𝑖𝑧𝑖𝑡ä𝑡 𝑣𝑜𝑛 𝑓 𝑢𝑛𝑑 𝒈𝒆𝒓𝒂𝒅𝒆

𝑔𝑔𝑇 𝑎, 𝑁 = 1



Periodizität

𝑝 = 7
𝑞 = 13
N= 91
𝑎 = 4

𝑓 𝑥 =  𝑎௫ 𝑚𝑜𝑑 N 𝑓 𝑥 =  4௫ 𝑚𝑜𝑑 91

x: 0 f(x): 1
x: 1 f(x): 4
x: 2 f(x): 16
x: 3 f(x): 64
x: 4 f(x): 74
x: 5 f(x): 23
x: 6 f(x): 1
x: 7 f(x): 4
x: 8 f(x): 16
x: 9 f(x): 64
x: 10 f(x): 74
x: 11 f(x): 23
x: 12 f(x): 1
x: 13 f(x): 4

𝑔𝑔𝑇 𝑎௥ ଶ⁄ − 1 , 𝑁 = 𝑔𝑔𝑇 4ଷ − 1 , 91 = 𝑔𝑔𝑇 63,91 = 7

𝑔𝑔𝑇 𝑎௥ ଶ⁄ + 1 , 𝑁 = 𝑔𝑔𝑇 4ଷ + 1 , 91 = 𝑔𝑔𝑇 65,91 = 13



Periodizität

𝒇 𝒙 =   𝟒𝒙 𝒎𝒐𝒅 𝟗𝟏  



Modulare Multiplikation

𝑎, 𝑏, 𝑚  ∈  ℤ  ∶ 𝑟௔ = 𝑎  (𝑚𝑜𝑑 𝑚) 

𝑟௕ = 𝑏  (𝑚𝑜𝑑 𝑚) 

𝑎 ȉ 𝑏  𝑚𝑜𝑑 𝑚  ≡ (𝑟௔ ȉ 𝑟௕)  (𝑚𝑜𝑑 𝑚) 

𝑎 = 47 , 𝑏 = 73 , 𝑚 = 15

𝑟௔ = 47  𝑚𝑜𝑑 15 = 2 

𝑟௕ = 73  𝑚𝑜𝑑 15 = 13 

47 ȉ 73  𝑚𝑜𝑑 15 =   3431 𝑚𝑜𝑑 15 = 11 

2 ȉ 13  𝑚𝑜𝑑 15 =   26 𝑚𝑜𝑑 15 = 11 

𝐵𝑒𝑖𝑠𝑝𝑖𝑒𝑙 ∶



Modulare Multiplikation

𝑓 𝑥 =  𝑎௫ 𝑚𝑜𝑑 N

𝑥 =  𝑥଴ 2଴ + 𝑥ଵ 2ଵ   … 𝑥௡ିଵ 2௡ିଵ

𝑥௡ିଵ , 𝑥௡ିଶ , 𝑥௡ିଷ , … 𝑥଴ ଶ

𝑎௫ 𝑚𝑜𝑑 N = ( 𝑎௫బ ଶబ
 𝑚𝑜𝑑 𝑁 ȉ 𝑎௫భ ଶభ

 𝑚𝑜𝑑 N ȉ 𝑎௫మ ଶమ
 𝑚𝑜𝑑 𝑁 … … ȉ 𝑎௫೙షభ ଶ೙షభ

 𝑚𝑜𝑑)  



Modulare Multiplikation

𝑈|𝑦 > =   |𝑎𝑦 𝑚𝑜𝑑 𝑁 > 𝑦 ∈  0, … , 𝑁 − 1 𝑛 𝑞𝐵𝑖𝑡𝑠  2௡  ≈ 𝑁 

𝑈଴|1 > =   |1 𝑚𝑜𝑑 𝑁 >=   |𝑎଴ 𝑚𝑜𝑑 𝑁 >

𝑈ଵ|1 > =   |𝑎 𝑚𝑜𝑑 𝑁 >=   |𝑎ଵ 𝑚𝑜𝑑 𝑁 >

𝑈ଶ|1 > =    |𝑎ଶ 𝑚𝑜𝑑 𝑁 >

⋮

𝑈௥|1 > =   |𝑎௥𝑚𝑜𝑑 𝑁 >=   |𝑎଴ 𝑚𝑜𝑑 𝑁 >



Modulare Multiplikation
𝑈|𝑦 > =   |𝑎𝑦 𝑚𝑜𝑑 𝑁 > 

|𝑎଴ 𝑚𝑜𝑑 𝑁 > |𝑎ଵ 𝑚𝑜𝑑 𝑁 > |𝑎ଶ 𝑚𝑜𝑑 𝑁 > … |𝑎௥ିଵ 𝑚𝑜𝑑 𝑁 >

𝑒ି
௜ଶగ௦(଴)

௥ 𝑒ି
௜ଶగ௦(ଵ)

௥ 𝑒ି
௜ଶగ௦(ଶ)

௥ 𝑒ି
௜ଶగ௦(௥ିଵ)

௥

𝑠 ∈  0, … , 𝑟 − 1

ห𝛾௦ > =  
1

𝑟
  ෍ 𝑒ି

௜ଶగ௦(௞)
௥    

௥ିଵ

௞ୀ଴

ห𝑎௞ 𝑚𝑜𝑑 𝑁 >



Modulare Multiplikation

𝑈ห𝛾௦ > = 𝑒
௜ଶగ௦

௥  
1

𝑟
  ෍ 𝑒ି

௜ଶగ௦(௞)
௥    

௥ିଵ

௞ୀ଴

ห𝑎௞ 𝑚𝑜𝑑 𝑁 > = 𝑒
௜ଶగ௦

௥ ห𝛾௦ >

𝛾௦     ist ein Eigenvektor von U mit Eigenwert      𝑒
௜ଶగ௦

௥



QPE

|++ + ⋯ +> |𝑥 >

ห𝜑ଵ … 𝜑௠ > |𝑥 >

𝜑 =  
𝜑ଵ

2
+ 

𝜑ଶ

4
+ ⋯ +

𝜑௠

2௠

 𝑄𝐹𝑇 ห𝜑ଵ … 𝜑௠ >

𝑈௞ |𝑥 > =  𝜆௞  ห𝑥 > =  𝑒ଶగ௜ ௞ఝ |𝑥 > 

𝑈 |𝑥 > =  𝜆  |𝑥 > 𝜆 =  𝑒ଶగ௜ ఝ



QPE

geeignete unitäre Operation U

𝐸𝑖𝑔𝑒𝑛𝑣𝑒𝑘𝑡𝑜𝑟 𝛾௦ 

𝜑 =  
𝑠

𝑟
 



Shor 15
n=15
nx=4
ny=3
a=7



Shor 15 n=15
nx=4
ny=3
a=7



Shor 15 n=15
nx=4
ny=3
a=7

Do Post Processing
Calculate Phases of result

Register Output         Phase
0  000 0100(bin) =   4(dec)   4/16 = 0.25
1  000 1100(bin) =  12(dec)  12/16 = 0.75
2  000 1000(bin) =   8(dec)   8/16 = 0.50
3  000 0000(bin) =   0(dec)   0/16 = 0.00
-----------------------------------
continued fraction algorithm

Phase Fraction Guess for r
0   0.25      1/4            4
1   0.75      3/4            4
2   0.50      1/2            2
3   0.00      0/1            1
-----------------------------------
calculate the guesses
Potentieller FaktorI 3.0
Potentieller FaktorII 5.0
-----------------------------------
Potentieller FaktorI 3.0
Potentieller FaktorII 5.0
-----------------------------------
Potentieller FaktorI 3.0
Potentieller FaktorII 1.0
-----------------------------------


